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EXISTENCE OF TANNAKIAN SUBCATEGORIES AND ITS
APPLICATIONS
JINGCHENG DONG AND LI DAI
Abstract. We study several classes of braided fusion categories, and
prove that they all contain nontrivial Tannakian subcategories. As ap-
plications, we classify some fusion categories in terms of solvability and
group-theoreticality.
1. Introduction
Recall that a symmetric fusion category is called Tannakian if it is equiv-
alent to the representation category of a finite group as a symmetric fusion
category. Tannakian categories play an important role in the study and
classification of fusion categories. See [2, 3, 4, 9, 17, 24] for examples.
The aim of this paper is to establish the existence of Tannakian subcat-
egories of some braided fusion categories so as to study the classification of
these fusion categories. Our first result is:
Theorem 1.1. Let C be an integral braided fusion category.
(1) (Theorem 3.2) If the Frobenius-Perron dimensions of all noninvert-
ible simple objects have a common prime divisor p then the largest pointed
fusion category Cpt contains a nontrivial Tannakian subcategory of C.
(2) (Theorem 4.2) Let 1 < p < q be positive integers such that gcd(p, q) =
1, and let C be of type (1,m; p, n; q, s). Then C contains a nontrivial Tan-
nakian subcategory in any of the following cases:
(i) p2 ≤ q;
(ii) p, q are powers of two distinct prime numbers.
The definition of type of a fusion category will be given in Subsection 2.1.
Obviously, part (1) of Theorem 1.1 can be applied to integral braided
fusion category C of type (1,m; s, n). Thus such fusion category must be a
G-equivariantization of a fusion category CG, where Rep(G) ⊆ C a nontrivial
Tannakian subcategory, and CG is the corresponding de-equivariantization.
In [10], Gelaki, Naidu and Nikshych constructed a class of braided fusion
categories of type (1,m; p, n; q, s), where p < q are prime numbers. They are
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solvable but not group-theoretical. We prove that braided fusion categories
of this type are always solvable. Our second result is:
Theorem 1.2. (1) (Corollary 3.5) Let p be a prime number and let C be an
integral braided fusion category such that the Frobenius-Perron dimensions
of simple objects are powers of p. Then C is solvable.
(2) (Corollary 4.3) Let C be a braided fusion category. Suppose that C
is of type (1,m; p, n; q, s) then C is solvable, where p < q are prime numbers.
Remark 1.3. Parts (1) and (2) of Theorem 1.2 were respectively obtained
in [19] and [22] by different methods.
For a prime number p, the fusion categories of type (1,m; p, n) have been
studied in several settings in [20, 21]. Our results below generalize some of
them. We pay more attention on when a fusion category is group-theoretical.
Our third result is:
Theorem 1.4. (Theorem 3.8) Let C be an integral braided fusion category
such that the Frobenius-Perron dimensions of its simple objects are powers of
a prime number p. If FPdim(Cpt) = p then C is group-theoretical. Moreover,
C is of type (1, p; p,m) or (1, p).
In the last part of the paper, we apply above results to odd-dimensional
braided fusion categories. We prove the following result.
Theorem 1.5. (Theorem 5.1) Let C be an integral braided fusion category.
Suppose that FPdim(C) is odd and FPdim(C) < 765. Then C is solvable.
The paper is organized as follows. In Section 2, we give some basic defini-
tions and results which will be used throughout. For other basics on fusion
categories, we refer the reader to [7, 8]. In Section 3, we study braided
fusion categories such that the Frobenius-Perron dimensions of noninvert-
ible simple objects have a common prime divisor. In Section 4, we study
braided fusion categories such that the Frobenius-Perron dimensions of non-
invertible simple objects are two coprime integers. In the last section, we
study odd-dimensional fusion categories with Frobenius-Perron dimension
less than 765.
2. Preliminaries
2.1. Fusion categories. Let k be an algebraically closed field of charac-
teristic 0. Recall that a fusion category over k is a k-linear semisimple rigid
tensor category C with finitely many isomorphism classes of simple objects,
finite dimensional Hom spaces, and the unit object 1 is simple. Throughout
this paper, Irr(C) denotes the set of isomorphism classes of simple objects
of C, and Irrα(C) denotes the set of isomorphism classes of simple objects of
Frobenius-Perron dimension α, where α is a positive real number.
A fusion subcategory of C is a full tensor subcategory D such that if
X is an object of C isomorphic to a direct summand of an object of D,
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then X lies in D. If D is a fusion subcategory of C then the quotient
FPdim(C)/FPdim(D) is an algebraic integer [8, Proposition 8.15], where
FPdim(C) denotes the Frobenius-Perron dimension of C. For an object X
of C, we will use FPdim(X) to denote its Frobenius-Perron dimension.
A fusion category C is called weakly integral if the Frobenius-Perron di-
mension FPdim(C) is a natural number. It is called integral if FPdim(X) is
a natural number for every object X of C. Obviously, if C is weakly integral
then FPdim(X)2 is a natural number. By [8, Theorem 8.33], every inte-
gral fusion category is equivalent to the representation category of a finite
dimensional quasi-Hopf algebra.
A simple object X is invertible if and only if its Frobenius-Perron dimen-
sion is 1. Let G(C) denote the set of isomorphism classes of invertible simple
objects of C. Then G(C) is a group and generates a fusion subcategory Cpt
of C. This is the unique largest pointed fusion subcategory of C. Here, a
fusion category is called pointed if every simple object has Frobenius-Perron
dimension 1. So the order of G(C) coincides with the Frobenius-Perron
dimension of Cpt and hence it divides FPdim(C).
Let 1 = d0, d1, · · · , ds be positive real numbers with 1 = d0 < d1 < · · · <
ds, and n0, n1, · · · , ns be positive integers. A fusion category C is called
of type (d0, n0; d1, n1; · · · ; ds, ns) if ni is the number of the nonisomorphic
simple objects of Frobenius-Perron dimension di, for all i = 0, · · · , s.
Let X and Y be objects of C. We denote the multiplicity of X in Y by
m(X,Y ). Hence
m(X,Y ) = dimHomC(X,Y ) and Y =
∑
X∈Irr(C)
m(X,Y )X.
Let X,Y,Z be objects of C. Then we have m(X,Y ) = m(X∗, Y ∗) and
m(X,Y ⊗ Z) = m(Y ∗, Z ⊗X∗) = m(Y,X ⊗ Z∗).
Let X,Y ∈ Irr(C). Then for each g ∈ G(C) we have
m(g,X ⊗ Y ) =
{
1, if Y ∼= X∗ ⊗ g;
0, otherwise.
In particular, m(g,X ⊗ Y ) = 0 if FPdimX 6= FPdimY . Let X ∈ Irr(C).
Then, for every g ∈ G(C), m(g,X⊗X∗) > 0 if and only if m(g,X⊗X∗) = 1
if and only if g ⊗X ∼= X. The set of isomorphism classes of such invertible
objects will be denoted by G[X]. Thus G[X] is a subgroup of G(C) whose
order divides (FPdimX)2 [6, Lemma 2.2]. In particular, for all X ∈ Irr(C),
we have a relation
X ⊗X∗ =
⊕
g∈G[X]
g ⊕
⊕
Y ∈Irr(C),FPdimY >1
m(Y,X ⊗X∗)Y.
(2.1)
Actually, there is an action of the group G(C) on the set Irr(C) by left
tensor multiplication. This action preserves Frobenius-Perron dimensions.
So, for every X ∈ Irr(C), G[X] is the stabilizer of X in G(C).
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Lemma 2.1. Let C be a weakly integral fusion category such that the Frobenius-
Perron dimensions of all noninvertible simple objects have a common prime
divisor p. Then p divides the order of G(C).
Proof. Let X be a noninvertible simple object of C. Then Equation 2.1
shows that the order of G[X] is divisible by p. It follows that p divides the
order of G(C) since G[X] is a subgroup of G(C). 
It is interesting that a counterexample of the fusion category given in
Lemma 2.1 also contains nontrivial invertible simple objects. Also, fusion
categories of the type given in the following proposition really exists. See
[10, Section 5C] for details.
Proposition 2.2. Let 1 < p < q be positive integers such that gcd(p, q) = 1,
and let C be a fusion category of type (1,m; p, n; q, s). Then m > 1.
Proof. Suppose on the contrary that m = 1. Let X be an element of Irrp(C).
Then
X ⊗X∗ = 1⊕
⊕
Xi∈Irrp(C)
m(Xi,X ⊗X
∗)Xi ⊕
⊕
Yj∈Irrq(C)
m(Yj,X ⊗X
∗)Yj .
There must exist some Yj ∈ Irrq(C) such that m(Yj,X ⊗X
∗) > 0, otherwise
the decomposition above can not hold true. We choose one such Yj and
denote it by Y . Then
0 < m(Y,X ⊗X∗) = m(X,Y ⊗X) <
p2
q
< q.(2.2)
We claim that Y ⊗X can not contain elements of Irrq(C). Indeed, if Y ⊗X
contains Z ∈ Irrq(C) such that m(Z, Y ⊗X) > 0 then we have an equation
pq = mp+ nq,(2.3)
wherem,n are positive integers. This induces a contradiction p(q−m) = nq.
Notice that 1 can not appear in the decomposition of Y ⊗X since X and Y
are of different Frobenius-Perron dimensions. So Equation 2.3 holds true.
Equation 2.2 implies that, besides X, Y ⊗X also contains other elements
of Irrp(C). Thus we may write
Y ⊗X = m(X,Y ⊗X)X ⊕
⊕
Xi 6=X,Xi∈Irrp(C)
m(Xi, Y ⊗X)Xi.(2.4)
We choose one X 6= Xi ∈ Irrp(C) such that m(Xi, Y ⊗X) > 0 and denote
it by X ′. Thenm(X ′, Y ⊗X) = m(Y,X ′⊗X∗) > 0. SinceX ′ 6= X, 1 can not
appear in the decomposition of X ′ ⊗X∗. It follows from the decomposition
of X ′⊗X∗ that we have an equation p2 = mq+np, where m,n are positive
integers. Since p < q, this induces a contradiction that p(p− n) = mq. 
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Let H be a semisimple Hopf algebra over k. Then [27, Lemma 11] states
that if G(H∗) is trivial then H has at least 4 nonisomorphic simple modules
of different dimensions. A similar result also appears in [18, Theorem 2.2.3].
Our result here is an analogous in the fusion category context.
2.2. Extensions. Let G be a finite group. A G-grading of C is a decompo-
sition of C as a direct sum of full Abelian subcategories C = ⊗g∈GCg, such
that C∗g = Cg−1 and the tensor product ⊗ : C ⊗ C → C maps Cg × Ch to Cgh.
In general, Cg is not a fusion subcategory of C. But the neutral component
Ce is a fusion subcategory of C, where e is the identity element of G. The
grading C = ⊗g∈GCg is called faithful if Cg 6= 0 for all g ∈ G. We say that
C is an G-extension of D if the grading is faithful and Ce = D. If C is a
G-extension of a fusion category D then the Frobenius-Perron dimensions of
Cg are equal for all g ∈ G, and FPdim(C) = |G|FPdim(D) [8, Proposition
8.20].
Every fusion category C has a canonical faithful grading C = ⊗g∈U(C)Cg,
whose neutral component Ce equals to the adjoint subcategory Cad, where
Cad is the smallest fusion subcategory of C containing all objects X ⊗ X
∗
for all X ∈ Irr(C). The group U(C) is called the universal grading group of
C [11]. Any faithful grading C = ⊗g∈GCg comes from a group epimorphism
U(C)→ G. So Ce ⊇ Cad for any extension of C by a group G.
Suppose that C is a weakly integral fusion category. Then either C is
integral or C is a Z2-extension of an integral fusion subcategory [11, Theorem
3.10].
2.3. Morita equivalence. Let C be a fusion category and let M be an
indecomposable right C-module category. Let C∗M denote the category of
C-module endofunctors ofM. Then C∗M is a fusion category, called the dual
of C with respect to M [8, 26]. Two fusion categories C and D are Morita
equivalent if D is equivalent to C∗M for some indecomposable right C-module
category M.
A fusion category C is said to be (cyclically) nilpotent if there is a sequence
of fusion categories C0 = Vec, C1, · · · , Cn = C and a sequence of finite (cyclic)
groups G1, · · · , Gn such that Ci is obtained from Ci−1 by a Gi-extension. Let
C(0) = C, C(1) = Cad and C
(i) = (C(i−1))ad for every integer i ≥ 1. It is clear
that C is nilpotent if and only if the sequence C(0) ⊇ C(1) ⊇ · · · ⊇ C(i) ⊇ · · ·
converges to Vec.
A fusion category is called group-theoretical if it is Morita equivalent to a
pointed fusion category. A fusion category is called weakly group-theoretical
if it is Morita equivalent to a nilpotent fusion category. A fusion category
is called solvable if it is Morita equivalent to a cyclically nilpotent fusion
category.
2.4. Braided fusion categories. A braided fusion category C is a fusion
category equipped with a natural isomorphism cX,Y : X ⊗ Y → Y ⊗ X
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satisfying the hexagon axioms. Let C be a braided fusion category, and
D ⊆ C be a fusion subcategory. The Mu¨ger centralizer D′ of D in C is the
category of all objects Y ∈ C such that cY,XcX,Y = idX⊗Y for all X ∈ D.
The centralizer D′ is again a fusion subcategory of C. The Mu¨ger center of
C is the Mu¨ger centralizer Z2(C) := C
′ of C itself. A braided fusion category
C is called nondegenerate if its Mu¨ger center Z2(C) is trivial.
A braided fusion category is called premodular if it has a spherical struc-
ture. Any weakly integral fusion category is premodular because it is auto-
matically pseudounitary and has a canonical spherical structure with respect
to which the categorical dimensions coincide with the Frobenius-Perron di-
mensions [8, Proposition 8.23, 8.24]. A modular category is a nondegenerate
premodular category. Hence, a weakly integral fusion category is modular
if and only if it is nondegenerate.
If C is a modular category then the universal grading group U(C) is iso-
morphic to the group G(C) [11, Theorem 6.2]. In particular, FPdim(Cpt) =
|U(C)|.
Proposition 2.3. Let C be a weakly integral braided fusion category such
that Cpt is not trivial. Then C has one of the following properties:
(1) The universal grading group U(C) is not trivial;
(2) The Mu¨ger center Z2(C) is not trivial.
Proof. We assume that part (1) does not hold, and show part (2). Assume
that Z2(C) is trivial. Then C is a modular category. In this case, U(C) is
isomorphic to the group G(C), which contradicts the assumptions. Thus
Z2(C) is not trivial. 
Obviously, Proposition 2.3 can be applied to weakly integral braided fu-
sion categories which satisfy the assumption of Lemma 2.1 or Proposition
2.2.
The following theorem is taken from [7, Theorem 3.13, 3.14]. In the case
where C is modular, it is due to Mu¨ger [14, 15].
Theorem 2.4. Let C be a braided fusion category, and D ⊆ C be a fusion
subcategory.
(1) FPdim(D) FPdim(D′) = FPdim(C) FPdim(D ∩ Z2(C)).
(2) If D is nondegenerate then there is an equivalence of braided fusion
categories C ∼= D⊠D′. In particular, D′ is nondegenerate if and only if C is
nondegenerate.
A braided fusion category C is called slightly degenerate if its Mu¨ger center
Z2(C) is equivalent to the category SuperVec of super vector spaces. The
following theorem is taken from [9, Proposition 2.6 and Corollary 2.8] and
[13, Lemma 5.4].
Theorem 2.5. Let C be a braided fusion category.
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(1) If C is slightly degenerate and pointed then C = SuperVec⊠C0, where
C0 is a nondegenerate pointed category.
(2) If C is a slightly degenerate integral category with FPdim(C) > 2 then
C contains an odd-dimensional simple object outside of the Mu¨ger center
Z2(C).
(3) Supose that the Mu¨ger center Z2(C) contains SuperVec. Let g be the
invertible object generating SuperVec, and let X be any simple object of C.
Then g ⊗X is not isomorphic to X.
Recall that a Tannakian fusion category is a symmetric fusion category
such that it is equivalent to the representation category of a finite group as
a symmetric fusion category.
Lemma 2.6. [7, Corollary 2.50] Let C be a symmetric fusion category. Then
either C is Tannakian or C contains a Tannakian subcategory of Frobenius-
Perron dimension 12 FPdim(C). In particular, if FPdim(C) is odd then C is
Tannakian.
2.5. Equivariantizations. Let G be a finite group and C be a fusion cate-
gory. Let G denote the monoidal category whose objects are elements of G,
morphisms are identities and tensor product is given by the multiplication
in G. Let Aut⊗C denote the monoidal category whose objects are tensor
autoequivalences of C, morphisms are isomorphisms of tensor functors and
tensor product is given by the composition of functors.
An action of G on C is a monoidal functor
T : G→ Aut⊗C, g 7→ Tg
with the isomorphism fXg,h : Tg(X)⊗ Th(X)
∼= Tgh(X), for every X in C.
Let C be a fusion category with an action of G. Then the fusion category
CG, called the G-equivariantization of C, is defined as follows [1, 7, 16]:
(1) An object in CG is a pair (X, (uXg )g∈G), where X is an object of C
and uXg : Tg(X)→ X is an isomorphism such that,
uXg Tg(u
X
h ) = u
X
ghf
X
g,h, for all g, h ∈ G.
(2) A morphism φ : (Y, uYg )→ (X,u
X
g ) in C
G is a morphism φ : Y → X
in C such that φuYg = u
X
g φ, for all g ∈ G.
(3) The tensor product in CG is defined as (Y, uYg ) ⊗ (X,u
X
g ) = (Y ⊗
X, (uYg ⊗ u
X
g )jg|Y,X), where jg|Y,X : Tg(Y ⊗ X) → Tg(Y ) ⊗ Tg(X) is the
isomorphism giving the monoidal structure on Tg.
There is a procedure opposite to equivariantization. Let C be a fusion
category and let Rep(G) ⊆ Z(C) be a Tannakian subcategory which em-
beds into C via the forgetful functor Z(C) → C, where Z(C) is the Drinfeld
center of C. Let A = Fun(G) be the algebra of function on G. It is a
commutative algebra in Z(C) under the embedding above. Let CG be the
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category of left A-modules in C. It is a fusion category which is called the
de-equivariantization of C by Rep(G).
The two procedures above are inverse to each other; that is, there are
canonical equivalences (CG)
G ∼= C and (CG)G ∼= C. Moreover, we have
FPdim(CG) = |G|FPdim(C) and FPdim(CG) =
FPdim(C)
|G|
.
Let C be a braided fusion category, and Rep(G) ⊆ C be a Tannakian
subcategory. The de-equivariantization CG of C by Rep(G) is a braided G-
crossed fusion category. The category CG is not braided in general. But the
neutral component (CG)e of the associated G-grading of CG is braided. By [7,
Proposition 4.56], C is nondegenerate if and only if (CG)e is nondegenerate
and the associated grading of CG is faithful.
The following theorem will be used in Section 3.
Theorem 2.7. [17, Theorem 7.2] Let C be a braided fusion category. Then
C is group-theoretical if and only if it contains a Tannakian subcategory
Rep(G) such that the de-equivariantization CG by Rep(G) is pointed.
3. Fusion categories whose simple objects have a common prime
divisor in their dimensions
Lemma 3.1. Let C be a nonpointed integral braided fusion category such that
the Frobenius-Perron dimensions of all noninvertible simple objects have a
common prime divisor p. Suppose that FPdim(Cpt) = 2. Then Cpt is a
Tannakian subcategory of C.
Proof. It is clear that p = 2 in our case since p divides 2 by Lemma 2.1. It
suffices to prove that Cpt is not equivalent to the category SuperVec of super
vector spaces.
Suppose on the contrary that Cpt is equivalent to SuperVec and g is the
unique object generating Cpt. Let D be the Mu¨ger centralizer of Cpt in C.
Then Cpt lies in the Mu¨ger center ofD. By Theorem 2.4 (1), 6 ≤ FPdim(C) ≤
FPdim(Cpt) FPdim(D), which implies that FPdim(D) > 2 and D contains
noninvertible objects of C. Let X be a noninvertible object of D. Then the
decomposition of X ⊗ X∗ (ref. Equation 2.1) shows that g ⊗ X ∼= X. It
contradicts Theorem 2.5(3). So Cpt ∼= Rep(Z2) is Tannakian. 
Theorem 3.2. Let C be an integral braided fusion category such that the
Frobenius-Perron dimensions of all noninvertible simple objects have a com-
mon prime divisor p. Then Cpt contains a nontrivial Tannakian subcategory
of C.
Proof. Let D = Cpt and Z2(D) be the Mu¨ger center of D. By Lemma 2.1, D
is not trivial.
If Z2(D) is trivial then D is nondegenerate. So there is an equivalence of
braided fusion categories C ∼= D ⊠ D′ by Theorem 2.4(2), where D′ is the
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Mu¨ger centralizer of D in C. Clearly, D′ contains no nontrivial invertible
objects but contains all noninvertible objects. This is impossible by Lemma
2.1. Therefore, D is degenerate.
If FPdim(Z2(D)) = 2 then either Z2(D) = Rep(Z2) is the category of
representations of Z2 as a symmetric category, or Z2(D) = SuperVec is the
category of super vector spaces. If the first case holds true then we are
done. If the second case holds true then D is slightly degenerate. In this
case, D = SuperVec⊠D0 by Theorem 2.5 (1), where D0 is a nondegenerate
pointed category. If D0 is trivial then D = SuperVec. By Lemma 3.1, such
fusion category C can not exist. If D0 is not trivial then C ∼= D0 ⊠ D
′
0 by
Theorem 2.4(2), where D′0 is the Mu¨ger centralizer of D0 in C. Comparing
C ∼= D0 ⊠ D
′
0 and D = SuperVec⊠D0, we get that the subcategory of
invertible objects of D′0 is SuperVec. Also, D
′
0 contains all noninvertible
simple objects of C. Such fusion category D′0 can not exist, also by Lemma
3.1.
Finally, we consider the possibility that FPdim(Z2(D)) > 2. In this case,
Z2(D) must contain a nontrivial Tannakian subcategory by Lemma 2.6, so
does C. 
The following corollary follows from Theorem 3.2 and the discussion in
Section 2.5.
Corollary 3.3. Let C be an integral braided fusion category such that the
Frobenius-Perron dimensions of all noninvertible simple objects have a com-
mon prime divisor p. Then C is a G-equivariantization of a fusion category
CG, where G is an Abelian group and FPdim(CG) = FPdim(C)/|G|.
Recall that a near-group fusion category is a fusion category C where all
but 1 simple objects are invertible. The fusion rules of C are determined by a
pair (G, k), where G is the group of invertible objects and k is a nonnegative
integer. Let X be the unique noninvertible simple object. Then
X ⊗X =
⊕
g∈G
g ⊕ kX.
The following corollary follows from Corollary 3.3.
Corollary 3.4. Let C be an integral braided fusion category of type (1,m; s, n).
Then C is a G-equivariantization of a fusion category CG, where G is an
Abelian group. In particular, every integral braided near-group fusion cate-
gory has this property.
Using Theorem 3.2, we can recover a theorem in [19].
Corollary 3.5. Let p be a prime number and let C be an integral braided
fusion category such that the Frobenius-Perron dimensions of simple objects
are powers of p. Then C is solvable.
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Proof. We prove by induction on FPdim(C). By Theorem 3.2, Cpt contains
a nontrivial Tannakian subcategory E = Rep(G) of C. Since E is pointed, G
is Abelian, and hence G is solvable.
Recall from Section 2.5 that the de-equivariantization CG of C by E is
a G-grading fusion category. By [4, Corollary 2.13], the Frobenius-Perron
dimensions of simple objects of CG are powers of p. Let (CG)e be the neutral
component of CG associated to the G-grading. Then (CG)e is braided and
the Frobenius-Perron dimensions of simple objects of (CG)e are powers of p.
By induction, (CG)e is solvable. In addition, CG is a K-extension of (CG)e,
where K is a subgroup of G. Therefore, C is solvable since solvability is
preserved under taking extensions and equivariantizations by solvable groups
[9, Proposition 4.5]. 
Remark 3.6. Let C be a weakly integral fusion category. Then FPdim(X)2
is an integer, for all X ∈ Irr(C). If C is not integral then C is a Z2-extension
of an integral fusion category.
Suppose that the Frobenius-Perron dimensions of all noninvertible simple
objects of C have a common prime divisor p; that is, for every X ∈ Irr(C)
the dimension FPdim(X) has the form pm
n
2 , where m is a natural number
and n is a nonnegative integer. Then C is a Z2-extension of an integral
fusion category D. By Theorem 3.2, D contains a nontrivial Tannakian
subcategory, so does C. Similarly, we can get that all preceding results in
this section also hold for weakly integral fusion categories.
Group-theoretical categories can be explicitly described by finite group
data [25]. So we are especially interested in when a fusion category is group-
theoretical. We first recall some results from [4].
Let CG be the equivariantization of C under the action T : G → Aut⊗C,
and let F : CG → C denote the forgetful functor. For every simple object X
of C, let GX = {g ∈ G : Tg(X) ∼= X} be the inertia subgroup of X. Since
X is a simple object, there is a 2-cocycle αX : GX ×GX → k
∗. The simple
objects of CG are parameterized by pairs (X,pi), where X runs over the G-
orbits on Irr(C) and pi is an equivalence class of an irreducible αX-projective
representation of GX . If we use SX,pi to indicate the isomorphism class of the
simple object corresponding to the pair (X,pi), we get the following relation
[4, Corollary 2.13]:
FPdimSX,pi = dimpi[G : GX ] FPdimX.(3.1)
Proposition 3.7. Let C be an integral braided fusion category, and let d
be the least common multiple of Frobenius-Perron dimensions of all simple
objects of C. If there exists a nontrivial Tannakian subcategory Rep(G) ⊆ C
such that the de-equivariantization CG is pointed then d divides the order of
G.
Proof. Note that C ∼= (CG)
G as a fusion category. Let SX,pi be a simple
object of C as described above. Since CG is pointed, FPdimX = 1. Hence
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FPdimSX,pi = dimpi[G : GX ] by Equation 3.1. On the other hand, dimpi[G :
GX ] divides the order of G. So FPdimSX,pi divides the order of G, and
hence d divides the order of G. 
Note that under the assumption of Proposition 3.7 the fusion category C
is group-theoretical, by Theorem 2.7. Motivated by this observation, we get
the following theorem.
Theorem 3.8. Let p be a prime number and let C be a braided fusion cate-
gory such that the Frobenius-Perron dimensions of simple objects are powers
of p. Suppose that FPdim(Cpt) = p. Then C is group-theoretical. Moreover,
C is of type (1, p; p,m) or (1, p).
Proof. By Theorem 3.2, Cpt ∼= Rep(Zp) is a Tannakian subcategory of C.
Let CZp be the de-equivariantization of C by Rep(Zp). Then
FPdim CZp =
FPdim C
p
= 1 + pm,
for some positive integer m.
By Equation 3.1, the Frobenius-Perron dimension of every simple object
of CZp is a power of p. If CZp contains a noninvertible simple object then
Lemma 2.1 shows that p divides the Frobenius-Perron dimension of (CZp)pt.
Hence FPdimCZp = np + p
2s for some positive integers m and s. It is a
contradiction. So every simple object of CZp is invertible, that is, CZp is
pointed. It follows from Theorem 2.7(2) that C, being an equivariantization
of a pointed fusion category, is group-theoretical.
Suppose that C contains a simple object S of Frobenius-Perron dimension
pi, i ≥ 2. Then S corresponds to a pair (X,pi), where X is a simple object of
CG, pi is an equivalence class of an irreducible αX-projective representation
of GX as recalled before Proposition 3.7, and we have
FPdimS = [G : GX ]dimpi FPdimX.
Since [G : GX ]dimpi divides p, FPdimX = p
i or pi−1. Therefore, CG can
not be pointed. It is a contradiction. So C can not contain simple objects
of Frobenius-Perron dimension pi, i ≥ 2. 
Remark 3.9. In [20], Natale and Plavnik studied semisimple Hopf algebras
of type (1, p; p, n), where p is a prime number. They proved that if H is
a quasitriangular semisimple Hopf algebra of type (1, p; p, n) as an algebra
then RepH is solvable.
4. Fusion categories of type (1,m; p, n; q, s)
Lemma 4.1. Let 1 < p < q be positive integers such that gcd(p, q) = 1, and
let C be a braided fusion category of type (1, 2; p,m; q, n). Then C contains
a nontrivial Tannakian subcategory in any of the following cases:
(1) p2 ≤ q;
(2) p, q are powers of two distinct prime numbers.
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Proof. Suppose that Cpt is equivalent to SuperVec, otherwise Cpt ∼= Rep(Z2)
is a nontrivial Tannakian subcategory of C. Let D be the Mu¨ger centralizer
of Cpt in C. Then Cpt lies in the Mu¨ger center of D. We only consider the
case when D is slightly degenerate, otherwise the Mu¨ger center Z2(D) is
bigger than SuperVec and contains a nontrivial Tannakian subcategory by
Lemma 2.6.
By Theorem 2.4 (1), FPdim(Cpt) FPdim(D) ≥ FPdim(C) > 6, which im-
plies that FPdim(D) > 2 and hence D contains noninvertible objects of C.
Since D is slightly degenerate and Dpt contains only 2 elements, Theorem
2.5 (3) shows that the stabilizer G[X] is trivial for all X ∈ Irr(C). Thus D
can not be of type (1, 2; p,m′) and (1, 2; q, n′). This implies that D must be
of type (1, 2; p,m′; q, n′).
(1) Let X ∈ Irrp(D). Then X ⊗X
∗ can not contain elements of Irrq(D)
since p2 ≤ q. This is impossible because G[X] is trivial. Thus Dpt = Cpt is
a nontrivial Tannakian subcategory of C.
(2) If p, q are powers of two distinct prime numbers, then [9, Proposition
7.4] shows that D contains a nontrivial Tannakian subcategory, and so does
C. 
Theorem 4.2. Let 1 < p < q be positive integers such that gcd(p, q) = 1,
and let C be of type (1,m; p, n; q, s). Then C contains a nontrivial Tannakian
subcategory in any of the following cases:
(i) p2 ≤ q;
(ii) p, q are powers of two distinct prime numbers.
Proof. By Proposition 2.2, Cpt is not trivial. Let D = Cpt and Z2(D) be the
Mu¨ger center of D.
If FPdim(Z2(D)) > 2 then Z2(D) contains a nontrivial Tannakian sub-
category by Lemma 2.6.
If FPdim(Z2(D)) = 1 then D is nondegenerate. There is an equivalence
of braided fusion categories C ∼= D⊠D′, where D′ is the Mu¨ger centralizer of
D in C. Then D′ is of type (1, 1; p, n; q, s). This is impossible by Proposition
2.2.
Finally, we consider the case when FPdim(Z2(D)) = 2 and Z2(D) is
equivalent to SuperVec. In this case, D is slightly degenerate. Then D ∼=
SuperVec⊠D0 by Theorem 2.5(1), where D0 is a nondegenerate pointed
fusion category. If D0 is trivial then D ∼= SuperVec and C is of type
(1, 2; p,m; q, s). So we are done in this case by Lemma 4.1. If D0 is not trivial
then C ∼= D0⊗D
′
0 as a braided fusion category by Theorem 2.4, where D
′
0 is
the Mu¨ger centralizer of D0 in C. In particular, D
′
0 is of type (1, 2; p,m; q, s).
So D′0 contains a nontrivial Tannakian subcategory by Lemma 4.1. 
Corollary 4.3. Let C be a braided fusion category of type (1,m; p, n; q, s),
where p < q are prime numbers. Then C is solvable.
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Proof. By Theorem 4.2, C contains a nontrivial Tannakian subcategory
Rep(G). Since the Frobenius-Perron dimensions of simple objects of Rep(G)
are 1, p or q, we have that G is solvable. We then prove the corollary by
induction on FPdim(C).
Let CG be the de-equivariantization of C by Rep(G), and (CG)e be the
neutral component of the associated G-grading of CG. The Frobenius-Perron
dimensions of simple objects of CG are 1, p or q by Equation 3.1. If (CG)e is of
type (1,m′), (1,m′; p, n′) or (1,m′; q, n′) then (CG)e is solvable by Corollary
3.5. If (CG)e is of type (1,m
′; p, n′; q, s′) then (CG)e is solvable by induction.
In addition, CG is a K-extension of (CG)e, where K is a subgroup of G.
Therefore, C is solvable since solvability is preserved under taking extensions
and equivariantizations by solvable groups [9, Proposition 4.5]. 
Remark 4.4. Let C be a braided fusion category of type (1,m; p, n; q, s). It
is hard to determine when C is group-theoretical, even though in the simplest
case when p = 2. In fact, there exists a braided category of such type which
is not group-theoretical. As we have mentioned in the Introduction, Gelaki,
Naidu and Nikshych [10, Section 5C] constructed a class of modular cate-
gories which is of type (1, 2; 2, 12(q
2−1); q, 2). They are not group-theoretical.
5. Applications
We will apply the results obtained so far to integral braided fusion cate-
gories, and prove the following result.
Theorem 5.1. Let C be an integral braided fusion category. Suppose that
FPdim(C) is odd and FPdim(C) < 765. Then C is solvable.
Before giving the proof of Theorem 5.1, we need some preparations. The
following lemma is a special case of [23, Corollary 8.2].
Lemma 5.2. Let C be a weakly integral fusion category. Suppose that there
exists a nontrivial simple object X of C such that X∗ ∼= X. Then FPdim(C)
is even.
Based on the above lemma, we can get the following result. The argument
of its proof is word for word as in the proof of [12, Theorem 5.1], so it is
omitted.
Lemma 5.3. Let C be an integral fusion category. Suppose that there ex-
ists a nontrivial simple object X of C such that FPdim(X) is even. Then
FPdim(C) is even.
The following lemma is essential in the proof of Theorem 5.1.
Lemma 5.4. Let C be an integral braided fusion category.
(1) If di (2 ≤ i ≤ s) does not divide FPdim(C) then C cannot be of type
(1, n1; d2, n2; · · ·; ds, ns).
(2) If FPdim(C) is odd then C cannot be of type (1, n1; d2, n2; · · · ; ds, ns),
where there exists i ∈ {2, · · · , s} such that ni is odd or di is even.
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(3) If n1 does not divide FPdim(C) or nid
2
i then C cannot be of type
(1, n1; d2, n2; · · · ; ds, ns).
(4) If FPdim(C) is odd then C cannot be of type (1,m; 3, n; · · · ), where
m is not divisible by 3.
(5) If FPdim(C) is odd and 3 + 9n does not divide FPdim(C) then C
cannot be of type (1, 3; 3, n; · · · ).
(6) If FPdim(C) is odd, C does not have simple objects of dimension 9
andm+9n does not divide FPdim(C) then C cannot be of type (1,m; 3, n; · · · ).
(7) If FPdim(C) is odd, C does not have simple objects of dimension 3, 7
and 5 does not divide m then C cannot be of type (1,m; 5, n; · · · ).
(8) If t does not divide m then C can not be of type (1,m; t, n).
(9) If C is of type (1, n1; d2, n2; d3, n3) then n1 > 1.
Proof. Part (1) follows from [9, Theorem 2.11]. Parts (2)–(8) follow from [5,
Lemma 5.2]. In fact, the proof of [5, Lemma 5.2] only uses the properties of
the Grothendieck ring of a semisimple Hopf algebra and Lemma 5.2, 5.3 (in
the semisimple Hopf algebra setting). Therefore, the proof of [5, Lemma 5.2]
also works mutatis mutandis in the integral fusion category setting. Part
(9) follows from Lemma 2.1 and Proposition 2.2. 
Proof of Theorem 5.1. Let p, q and r be distinct prime numbers. Integral
fusion categories of Frobenius-Perron dimension pqr are classified in [9].
These fusion categories are group-theoretical. In the same paper, integral
fusion categories of Frobenius-Perron dimension pmqn are proved solvable,
where m,n are non-negative integers. Therefore, it suffices to consider the
case that FPdim(C) = 315, 495, 525, 585, 693 and 735.
It is easy to write a computer program by which one finds out all possible
positive integers 1 = d1, d2, · · · , ds and n1, n2, · · · , ns such that FPdim(C) =∑s
i=1 nid
2
i , and then one can eliminate those which can not be types of C by
using Lemma 5.4. Hence, we can get the following data.
If FPdim(C) = 315 then C is of one of the following types:
(1, 63; 3, 28), (1, 45; 3, 30), (1, 9; 3, 34), (1, 15; 5, 12), (1, 21; 7, 6),
(1, 3; 3, 2; 7, 6), (1, 9; 3, 16; 9, 2).
If FPdim(C) = 495 then C is of one of the following types:
(1, 9; 3, 54), (1, 45; 3, 50), (1, 99; 3, 44), (1, 45; 5, 18), (1, 11; 11, 4),
(1, 9; 9, 6), (1, 9; 3, 18; 9, 4), (1, 9; 3, 36; 9, 2),
(1, 9; 3, 4; 5, 18), (1, 15; 3, 20; 5, 12),
(1, 45; 15, 2), (1, 9; 3, 4; 15, 2).
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If FPdim(C) = 525 then C is of one of the following types:
(1, 21; 3, 56), (1, 75; 3, 50), (1, 3; 3, 58), (1, 175; 5, 14), (1, 75; 5, 18),
(1, 25; 5, 20), (1, 35; 7, 10),
(1, 3; 3, 8; 5, 18),
(1, 75; 15, 2), (1, 25; 5, 2; 15, 2), (1, 3; 3, 8; 15, 2).
If FPdim(C) = 585 then C is of one of the following types:
(1, 117; 3, 52), (1, 9; 3, 64), (1, 45; 3, 60), (1, 9; 3, 10; 9, 6), (1, 9; 3, 28; 9, 4),
(1, 9; 3, 46; 9, 2).
If FPdim(C) = 693 then C is of one of the following types:
(1, 9; 3, 76), (1, 63; 3, 70), (1, 99; 3, 66), (1, 7; 7, 14)(1, 9; 3, 4; 9, 8),
(1, 9; 3, 22; 9, 6), (1, 9; 3, 40; 9, 4), (1, 9; 3, 58; 9, 2),
(1, 21; 3, 42; 7, 6).
If FPdim(C) = 735 then C is of one of the following types:
(1, 15; 3, 80), (1, 105; 3, 70), (1, 35; 5, 28), (1, 147; 7, 12), (1, 49; 7, 14),
(1, 245; 7, 10),
(1, 3; 3, 16; 7, 12), (1, 21; 3, 14; 7, 12), (1, 15; 3, 30; 5, 18),
(1, 15; 3, 30; 15, 2).
Now, there are three possibilities: if the Frobenius-Perron dimensions of
simple objects of C are powers of a prime then C is solvable by Corollary
3.5; if the Frobenius-Perron dimensions of simple objects of C are two prime
numbers then C is solvable by Corollary 4.3; if the Frobenius-Perron di-
mensions of simple objects of C has a common prime divisor then C has
a nontrivial Tannakian subcategory E = Rep(G), where G is an Abelian
group by Theorem 3.2. In the last case, C is a G-equivariantization of a
fusion category CG and CG is a K-extension of a braided fusion category
(CG)e, where K is a subgroup of G. Counting dimension, (CG)e is solvable.
Therefore, C is solvable by [9, Proposition 4.5]. This finishes the proof. 
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